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The Mathematical Side of General Relativity: Part I
by James Isenberg (University of Oregon)
Einstein’s theory of general relativity is remarkably successful in modeling and predicting gravitational phenomena, both
at the astrophysical and cosmological scales. Throughout the
one hundred-year history of general relativity, this success
has depended on the use of sophisticated mathematical tools
and deep mathematical ideas. In this two-part essay, we
sketch some of the mathematical history of general relativity,
and then focus on some of the problems of central interest to
mathematicians working on Einstein’s theory. In Part I, we
survey the problem of solving the Einstein constraint equations, which restrict the choice of initial data for the Cauchy
problem for Einstein’s theory. Also in Part I, we discuss
the Strong Cosmic Censorship conjecture, and the research
which this conjecture has motivated. In Part II, we examine mathematical efforts to determine if the Kerr black hole solution is stable. As well, we discuss in Part II some of the
mathematical ideas which have been crucial for the development of numerical techniques
for exploring solutions of Einstein’s equations which model the astrophysical production
of gravitational radiation.

1

Introduction

In 1915, Albert Einstein proposed general relativity as a solution to a profound physics
conundrum: How can one model gravitational phenomena in a way which is consistent
both with the special relativistic principle of finite maximum speed for signal propagation
and with the equivalence principle of mass-independent gravitational free-fall, and which
as well agrees with physical observations of gravitational effects on earth and in the solar
system? To accomplish this, Einstein built his new theory using mathematical tools—
Riemannian and Lorentzian differential geometry—which had only very recently been
developed, and were of intense interest to mathematicians. This exquisite meld of ideas
from both physics and mathematics has characterized general relativity (GR) throughout
its century-long history. The physical/mathematical partnership at the core of GR is
especially strong today, in an era which is marked by the first direct detection (by LIGO)
of gravitational radiation. This detection, and the determination that it was a pair of
black holes colliding a billion or so years ago which produced the detected radiation,
could never have happened without the combining of physical and mathematical ideas
and tools that constitutes general relativity.
The mathematical ideas that have been most prominent in exploring and applying
general relativity have varied significantly over the course of the century-long history of
Einstein’s theory. In the earliest days, the emphasis was on using various assumptions
(such as lots of spacetime symmetry) to drastically simplify Einstein’s equations, and
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then using relatively simple differential-equation solving techniques to obtain explicit solutions of Einstein’s equations. For example, presuming spherical symmetry and time
independence, Karl Schwarzschild (in 1916) reduced Einstein’s vacuum equations to a
pair of ODEs. Solving them, he obtained a remarkably effective model for the gravitational field of the exterior of nonrotating stars and black holes. Less than ten years
later, Alexander Friedmann used spatial homogeneity and isotropy to reduce Einstein’s
equations with matter source fields to a single ODE. Solutions of this equation, combined
with the physical insight of Georges Lemaı̂tre and others, led to the Friedmann-Lemaı̂treRobertson-Walker (FLRW) spacetimes, which have played a central role in predicting and
exploring Big Bang cosmological models of the universe.
Also in this period shortly after the advent of GR, Einstein and others studied solutions of the linearized version of his gravitational field equations. Cleverly choosing the
right gauge conditions, they showed that there are formal solutions of these linearized
equations that look like waves. Notably, despite these wave-like approximate solutions, it
wasn’t until the 1960s that researchers were convinced that signal-carrying gravitational
radiation is consistent with (and predicted by) Einstein’s theory.
The period following the discovery of the Schwarzschild solution, the FLRW spacetimes, and a number of other explicit solutions of Einstein’s equations (including the
Kasner and the de Sitter spacetimes) was dominated by the exploration of various modifications of Einstein’s theory involving either extra dimensions, extra geometric structures, or extra fields. The consequences of some of these studies have been influential: i)
studies of Einstein’s equations for spacetimes of dimensions higher than 3 + 1 led to the
Kaluza-Klein theories, which couple non-gravitational fields such as electromagnetism to
gravity using the geometry of these extra dimensions; ii) studies of extra geometric structures such as covariant derivatives with torsion led to the Einstein-Cartan-Sciama-Kibble
theories, which play an important role in the formulation of supergravity; iii) studies of
gravitational physics with extra fields led to the Brans-Dicke scalar-tensor theories, which
allow for spherically symmetric gravitational radiation, unlike Einstein’s theory. However, the period in which this work was carried out—the 1920s through the 1930s—was
not one in which research on GR intersected strongly with deep mathematical work.
During the years stretching from the late 1930s through much of the 1950s, there
was not a lot of interest in general relativity, either from the physics or the mathematics
communities. There were, however, two papers quietly published during this period which
would have significant influence on the renaissance of interest in GR which began in the
1960s. The first of these papers, written by André Lichnerowicz in 1944 [28], strongly
advocates a dynamical “3 + 1” approach to working with Einstein’s equations, in which
one constructs solutions by first choosing initial data to represent the initial state of
the gravitational field, and then evolving the data into a spacetime solution. In this
work, Lichnerowicz emphasizes the fact that the ten Einstein equations split into two
sets: four of the equations serve as constraints on the choice of the initial data, and the
remaining six equations govern the evolution of the data (see Section 5 in Part II, to
appear in July). As well, in this work Lichnerowicz introduces a particular methodology
for working with initial data sets which satisfy the constraints. This procedure is the
4
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core of the “Conformal Method,” which is at present the most widely used way both to
construct and to analyze solutions of the constraint equations. (See Section 2, below.)
Crucially missing from Lichnerowicz’s 1944 paper is any guarantee that the dynamical
approach generally works, in the sense that one can evolve any set of constraint-satisfying
initial data into a spacetime solution of the Einstein equations. Yvonne Choquet-Bruhat’s
epic “well-posedness” paper [19] of 1952 provides such a guarantee. While this paper received little attention initially, one can reasonably argue that Choquet-Bruhat’s work
(along with that of Lichnerowicz) ultimately led to the prominent role of geometric analysis and PDE theory in studies of general relativity from the early 1970s onward to this
day. As well, it is likely that without these techniques, it would have been significantly
harder, if not impossible, to identify and physically interpret LIGO data.
While the 3+1 approach was a feature of some of the work of the 1960s, the dominant
mathematical tool of that decade for GR studies was the analysis of causal geodesic
congruences1 and their possible conjugate points. One of the leading questions of the
time was whether the “singularities” that appear in most of the known explicit solutions
of Einstein’s equations—the Schwarzschild, FLRW, Kasner, Taub, and Kerr spacetimes—
constitute evidence that solutions generically contain singularities, or are they instead
simply an artifact of the special nature of the isometries which are characteristic of each of
these explicit solutions. In addressing this question, GR researchers were for the first time
attempting to systematically understand the behavior of generic sets of solutions rather
than small families of them. In a limited sense, the issue of the prevalence of singularities
among solutions of Einstein’s equations was settled by the work of Steven Hawking and
Roger Penrose [22]. Their work shows that, presuming certain robust conditions on a
set of initial data, the spacetime evolved from that initial data must be geodesically
incomplete; i.e., the clocks of some observers in the spacetime must stop within a finite
time (to the future or the past). They proved this using arguments based on studies
of causal geodesic congruences. Left undetermined by the Hawking-Penrose theorems
is the cause of the geodesic incompleteness in generic solutions: Is it accompanied by
curvature (and tidal force) blowup as in FLRW spacetimes, or rather by a breakdown in
determinism as in Taub-NUT solutions? Studies of geodesic congruences were found to
be ineffective in addressing this question.
The shift to geometric and PDE analyses as the primary mathematical tools for
studying and applying general relativity began in earnest during the 1970s. During that
decade, elliptic PDE theory led to rapid development (led by James Yorke [44, 35]) of
the Conformal Method for finding solutions of the constraint equations. As well, the
breakthrough work by Richard Schoen and Shing-Tung Yau [43] in proving the positive
energy theorem opened up the still-thriving field of studies of the global and quasi-local
physical properties of initial data sets. The 1970s also saw the birth of serious efforts,
led by Larry Smarr, to numerically simulate physically interesting solutions of Einstein’s
equations, such as spacetimes which model black hole collisions.
One of the features of the Einstein gravitational field equations is that if one studies
them as a dynamical 3 + 1 system, both elliptic and hyperbolic PDE theory play a role:
1

A geodesic is labeled “causal” if and only if its speed is less than or equal to the speed of light.
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The constraint equations form a (nonlinear) elliptic system, and the evolution equations
can be cast (via gauge choice) into a quasilinear hyperbolic system. This feature also
holds for the Maxwell equations: the constraint equations ∇ · E = 4πρ and ∇ · B = 0 can
be treated as (linear) elliptic equations for the electric and magnetic potentials, while the
rest of the Maxwell equations can be written as (linear) wave equations. What makes
this feature especially interesting in the case of Einstein’s equations is the nonlinearity.
As a consequence, the analysis of solutions of Einstein’s equations involves mathematical
studies at the forefront of nonlinear elliptic and nonlinear hyperbolic PDE theory. Work
on numerical relativity has also stretched the theoretical side of numerical PDE analysis.
As noted above, the 1970s saw significant progress in the use of elliptic PDE theory
and geometrical analysis to analyze and construct solutions of the Einstein constraint
equations. It took longer before there was much progress in understanding the evolution
and long-time behavior of spacetime solutions. The issue of whether or not geodesic
incompleteness is generically accompanied by curvature blowup, as well as the desire
to understand the formation and interaction of black holes, both strongly motivated
studies of the dynamical behavior of solutions of Einstein’s equations. However, apart
from work on solutions with significant amounts of symmetry, little was known about
this dynamical behavior until the 1990s. The breakthrough work in this area is that
of Demetrios Christodoulou and Sergiu Klainerman [11], who showed that solutions of
Einstein’s equations which are sufficiently similar to (empty, flat) Minkowski spacetime
at a given moment of time must behave essentially like Minkowski spacetime into the far
future and far past; that is, they proved that Minkowski spacetime is stable.
While there has been rapid progress in a wide variety of areas of mathematical studies
of general relativity during the past quarter century, we only have space here to focus on a
very limited number of them: In Section 2 of this first part, we discuss the effectiveness of
the Conformal Method for constructing and studying solutions of the Einstein constraint
equations which have constant or nearly-constant mean curvature, and its apparent difficulties in handling more general solutions. In Section 3 we discuss what is known about
the Strong Cosmic Censorship (SCC) conjecture, which claims that in generic solutions
which are causal geodesically incomplete, the curvature blows up. We comment in Section 4 of Part II on efforts to determine if the Kerr spacetime—the vacuum solution of
Einstein’s equations which models rotating black holes—is stable. We discuss numerical
relativity and its essential role in gravitational radiation astronomy in Section 5 (also in
Part II), and we make concluding remarks in the final section of Part II.

2

Solutions of the Einstein Constraint Equations and the Degrees of Freedom of the Gravitational Field

While the joining of 3-dimensional space and 1-dimensional time into 4-dimensional spacetime is a central feature of both special and general relativity, physicists naturally think
about physical systems in terms of an initial-value problem: one specifies the initial state
of the system, and then one uses the system’s field equations to determine how the system evolves into the future and into the past. For Einstein’s equations, the information
6
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needed to specify an initial state consists of a Riemannian metric γ, a symmetric tensor
K, and (possibly) nongravitational (matter) fields ψ, all specified on a 3-dimensional
manifold Σ3 . If the initial data set (Σ3 ; γ, K, ψ) is to generate a spacetime, then it must
satisfy the Einstein constraint equations 2
R − Kdc Kcd + (Kcc ) = 16πρ(γ, ψ),
∇a Kba − ∇b Kcc = 8πJb (γ, ψ),

(1)
(2)

where R is the scalar curvature of γ, ρ is the matter field density and J is its momentum
field density. It follows from the well-posedness theorem of Yvonne Choquet-Bruhat [19]
and from her subsequent work with Robert Geroch [8] that for every set of initial data
(Σ3 ; γ, K, ψ) satisfying (1)-(2), there is a unique3 maximal globally hyperbolic spacetime
(Σ3 × R; g) which satisfies the full Einstein PDE system Gµν = 8πTµν and which agrees
with this initial data set4 . Hence finding and analyzing solutions of the constraints
is crucial both for simulating the physical behavior (according to general relativity) of
astrophysical and cosmological systems, and for understanding the mathematical nature
of Einstein’s theory.
In choosing initial data for constructing a spacetime of particular physical features,
one faces two important issues: i) making sure that the chosen data set satisfies the
constraints (1)-(2), and ii) making sure that the data set generates a spacetime which
has the physical features of interest. The difficulty in handling the first problem stems
from the fact that equations (1)–(2) are not of a familiar standard form, such as Poisson’s
equation. Lichnerowicz’s 1944 paper [28], noted above, introduces a procedure—the
Conformal Method— for tackling this difficulty. The idea is to split an initial data set
into two: the seed data set, which one chooses freely, and the determined data set, which
one obtains by solving an elliptic PDE system. A seed data set (specified on Σ3 ) consists of
a Riemannian metric λ (representing a conformal class), a symmetric tensor field σ which
is divergence-free and trace-free with respect to λ, a function τ , plus matter seed data,
which for convenience we choose here to vanish. The determined data set corresponding
to the seed data (Σ3 ; λ, σ, τ ) consists of a positive scalar field φ and a vector field W
which satisfy the conformal constraint equations
1
1
1
∆φ = Rφ − (σab + LWab )(σ ab + LW ab )φ−7 + τ 2 φ5
8
8
12
∇a (LW )ab = φ6 ∇b τ ;

(3)
(4)

here the scalar curvature and the Laplacian correspond to λ, as does the conformal Killing
operator L, which is defined by LWab := ∇a Wb + ∇b Wa − 32 λab ∇c Wc . If one can solve
the conformal constraints (3)–(4) for a given set of seed data, then γab = φ4 λab together
2

Here and throughout this paper, we presume that the Einstein convention on summing raised/lowered
pairs of indices holds. Latin indices sum over the three space dimensions, while Greek indices sum over
space and time.
3
unique up to spacetime diffeomorphism
4
The spacetime metric g “agrees with the initial data” in the sense that for some embedded (“t = t0 ”)
3-dimensional hypersurface, the induced metric is γ and the induced extrinsic curvature is K.

IAMP News Bulletin, April 2017

7

James Isenberg
with Kab = φ−2 (σab + LWab ) + 23 φ4 λab τ comprise an initial data set which satisfies the
constraints (1)–(2), with ρ = 0 and J = 0.
For a given set of seed data, the conformal constraint equations (3)–(4) comprise a
manifestly elliptic (nonlinear) system for φ and W . It does not, however, immediately
follow that these equations can always be solved. For example, if we choose Σ3 to be
the 3-sphere manifold, λ to be the round metric on S 3 , σ to vanish everywhere and
τ = 1, then equation (4) requires that W be a Killing vector field, and equation (3) takes
1 5
φ , for which there is no (positive) solution φ on S 3 . The utility of
the form ∇φ = 12
the Conformal Method thus depends on being able to answer the following “Conformal
Method validity question” systematically: For which sets of seed data do equations (3)–
(4) admit a solution, and for which of these is the solution unique?
For initial data sets which have constant mean curvature (CMC)—i.e., τ and consequently Kcc are constant on Σ3 — the answer to this question was established by the
mid-1990s [23, 2, 7]. The statement of the answer relies on a classification of seed data
sets which is based on the following four criteria: a) Is the seed data set asymptotically
Euclidean, asymptotically hyperbolic, or is Σ3 closed (i.e., compact without boundary)5 ?
b) What is the sign of the Yamabe class6 of the seed metric: Y + , Y 0 , or Y − ? c) Is the
constant mean curvature τ zero or not? d) Is the (nonconstant) tensor σ identically zero,
or not?
For the case of closed Σ3 , these criteria result in twelve classes of CMC data. Using
“Y” to signify that a unique solution of the conformal constraint equations exists for the
indicated class, “Y*” to signify that every positive constant is a solution for that class,
and “N” to signify that the equations (3)–(4) admit no solution for the indicated class,
we can summarize the answer to the question above via the following table:

+

Y
Y0
Y−

σ ≡ 0, τ = 0 σ 6≡ 0, τ = 0 σ ≡ 0, τ 6= 0 σ 6≡ 0, τ 6= 0
N
Y
N
Y
Y*
N
N
Y
N
N
Y
Y

We note that this table tells us that for generic choices of CMC seed data on closed
Σ3 , the conformal constraint equations admit a unique solution. That is, so long as the
tensor σ does not vanish everywhere and so long as the mean curvature is not zero, the
seed data (Σ3 ; λ, σ, τ ) is mapped by the Conformal Method to a solution of the constraint
equations (1)–(2).
5

There are other possible cases as well, including asymptotically conical and Σ3 compact with boundary; we restrict our discussion here to the three cases listed.
6
The Yamabe class of a given Riemannian metric is determined by the sign—plus, zero, or minus—
of the infimum of a certain global integral; see equation (29) in [17]. In the case of Σ3 compactwithout-boundary, the Yamabe theorem [42] shows that λ ∈ Y + iff there is a conformal transformation
λ → λ̂ = θ4 λ such that the scalar curvature of λ̂ is +1, while λ ∈ Y 0 iff it can be conformally transformed
to have scalar curvature zero, and λ ∈ Y − iff it can be conformally transformed to have scalar curvature
-1.
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The answer to the Conformal Method validity question is especially simple for CMC
asymptotically Euclidean and CMC asymptotically hyperbolic initial data sets. For the
former, there exists a unique solution if and only if the mean curvature is zero and the
conformal seed metric λ is in the positive Yamabe class7 . For asymptotically hyperbolic
data, the only seed data sets consistent with the asymptotic conditions have λ ∈ Y − and
τ = −3; for all such sets, the conformal constraint equations admit a unique solution.
The proof of these results relies on a wide variety of tools from both geometrical
analysis and elliptic PDE theory. To start, one notes that the CMC condition immensely
simplifies the analysis, by effectively decoupling equations (4) and (3). Indeed, if the
seed data set has constant mean curvature, then the right hand side of equation (4)
vanishes, and this equation becomes independent of φ. If, as in (4), there are no “J”type terms related to matter fields present, then it follows from the ellipticity of the
operator ∇(L ) that the quantity LW must vanish. Consequently, the analysis of the
conformal constraints reduces to a single equation (3), to be solved for the (positive)
scalar function8 φ. This single (decoupled) equation, whether LW vanishes or not, has
been labeled the “Lichnerowicz equation.”
The next step in the proof depends on the conformal covariance of the Lichnerowicz equation, which states that for a pair of CMC seed data sets (Σ3 ; λab , σcd , τ ) and
(Σ3 ; θ4 λab , θ−2 σcd , τ ) where θ is any positive function, the Lichnerowicz equation admits
a solution for one of these sets if and only if it admits a solution for the other; as well,
if a solution does exist for each of the two sets, the two solutions are proportionally related so that the (constraint-satisfying) initial data sets (Σ3 ; γab , Kcd ) produced from each
are identical. This next step also relies on the scalar-curvature deformation properties of
(3-dimensional) Riemannian metrics, which may be summarized (for our purposes) as follows: i) Every metric λ on a closed Σ3 can be conformally deformed λ → λ̂ = θ4 λ so that
the scalar curvature Rλ̂ of λ̂ is everywhere positive, everywhere negative, or everywhere
zero; the sign of Rλ̂ corresponds to that of the Yamabe class of λ. ii) Every asymptotically
Euclidean metric in Y + can be conformally deformed to a metric with vanishing scalar
curvature. iii) Every asymptotically hyperbolic metric can be conformally deformed to
a metric with everywhere negative scalar curvature. Combining these scalar-curvature
deformation properties with the conformal covariance of the Lichnerowicz equation, one
finds that to determine if solutions to the Lichnerowicz equation exist for all classes of
seed data sets, it is sufficient to work exclusively with seed data sets for which the scalar
curvature has a fixed sign. This simplifies the analysis significantly, since the functions
multiplying each of the terms in the Lichnerowicz equation may now be assumed to have
uniform signs.
7

For asymptotically Euclidean metrics, λ ∈ Y + does not imply that λ can be conformally transformed
to a metric with constant positive scalar curvature. Rather, one finds that λ ∈ Y + implies that there is a
conformally related metric with zero scalar curvature. Indeed, there a number of somewhat unexpected
results for the asymptotically Euclidean Yamabe classes, as discussed in [18].
8
If there are matter fields present, such as electromagnetic fields or perfect fluids, then while the right
hand side of (4)—with a J-type matter momentum term present—doesn’t vanish, the equation does
remain an elliptic equation to be solved for the vector field W , independent of φ. One can formally solve
for W , and substitute the solution into (3). Again, the analysis reduces to a single equation for φ.
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To complete the existence part of the proof for the closed manifold case, one can use
the maximum principle to prove the “no” cases, along with the sub and super solution
theorem to prove the “yes” cases. The maximum principle tells us that if the right-hand
side of (3) is bounded positive or negative on a closed manifold for all positive φ, then
the Lichnerowicz equation (and therefore the conformal constraint equations) admits no
solutions. It is easy to check that for seed data in each of the “no” cases in the table, if
one conformally transforms so that the scalar curvature of the metric has a uniform sign,
then indeed this maximum-principle argument applies.
The sub and super solution theorem tells us that to prove that there is a solution to
a PDE of the Lichnerowicz-type form ∆ψ = F(ψ, x) = 0, it is sufficient to show that
there are functions ψ− and ψ+ such that F(ψ− , x) ≤ 0, F(ψ+ , x) ≥ 0, and ψ+ ≥ ψ− .
For some of the “yes” cases, such as (Y − , σ 6≡ 0, τ 6= 0), the sub and super solution
theorem is easily applied, since ψ + = sufficiently large constant and ψ − = sufficiently
small (positive) constant clearly work as sub and super solutions. For others, more work
is needed to find sub and super solutions, but it has been shown that they can always be
found [23].
In view of the effectiveness of the Conformal Method in constructing constant mean
curvature solutions of the Einstein constraint equations, it would be great if it were
true that every (globally hyperbolic) spacetime solution of the Einstein gravitational
field equations could be generated from CMC initial data. However, this is not the case
[13, 5, 6]; so it is necessary to consider initial data sets which are not CMC.
To construct non-CMC initial data using the Conformal Method, one needs to work
with the fully coupled system of the conformal constraint equations (3)–(4); not just
the Lichnerowicz equation. In general this is very difficult. However, for seed data sets
which have sufficiently small9 |∇τ |—we label these “near-CMC”—there is a classification
similar to that described above for CMC seed data sets, and we know for each class of
near-CMC data whether or not solutions to (3)-(4) exist. To show this, one relies on the
fact that (4) implies a pointwise estimate of the form |LW | ≤ cφ6 |∇τ |, for some constant
c. It follows that for sufficiently small |∇τ |, the LW terms in (3) can be controlled
by the τ 2 φ5 term in that equation. Consequently, a modified version of the sub and
super solution theorem can be applied to determine the existence of solutions. We note
that unlike the decoupled Lichnerowicz equation, the system (3)-(4) is not manifestly
conformal covariant. However, the “Conformal Thin Sandwich” Method, which adds an
extra scalar function “N ” to the set of seed data, and modifies the conformal constraint
1
LW everywhere in (3)-(4), is conformally covariant,
equations by replacing LW by 2N
and (as shown by David Maxwell [32]) the Conformal Method and the Conformal Thin
Sandwich Method are equivalent. These results play an important role in the analysis of
near-CMC solutions of the Einstein constraint equations.
For initial data sets which are neither CMC nor near-CMC—they are often labeled
“far-from-CMC”—much less is known. What we do know indicates that the Conformal
Method (as well as the equivalent Conformal Thin Sandwich Method) is not very effective
9

The explicit form of the smallness condition on |∇τ | varies from case to case; see, for example,
[25, 27, 1, 10].
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for far-from-CMC data. This is seen strikingly in work by David Maxwell [32, 33] and
also in the work of Nguyen The-Cang [34]. These studies consider special parametrized
families of far-from-CMC seed data sets, showing that for certain ranges of the parameters
there are no solutions to the conformal constraint equations, while for other ranges there
are multiple solutions. Unfortunately no discernible patterns emerge from these works
which might guide predictions regarding which far-from-CMC seed data sets lead to
multiple or to non-existent solutions. As well, attempts to avoid these problems by using
modified versions of the Conformal Method, such as Maxwell’s “Drift Method” [31], have
thus far not been successful, as indicated by numerical studies [16].
Thus, while the Conformal Method provides an effective way to construct and study
initial data sets for Einstein’s theory which satisfy the Einstein constraint equations so
long as the data is either CMC or near-CMC, it appears to be ineffective for far-fromCMC data. The development of alternative ways to construct and study far-from-CMC
data is an important wide open problem in mathematical relativity.
What does all this have to do with the “degrees of freedom of the gravitational field”?
For the electromagnetic field, satisfying Maxwell’s equations, the notion of “degrees of
freedom” is familiar and straightforward: A choice of the pair of vector fields (E, B)
on R3 at a moment of time t0 provides complete, gauge-free information regarding the
electromagnetic field at time t0 as well as for all time into the future and the past.
However, since the Maxwell constraints fix the divergences of both E and B, it is the
set of all divergence-free pairs of vector fields that constitute the degrees of freedom
of the electromagnetic field. For the gravitational field satisfying Einstein’s equations,
the idea is similar but more complicated, because of the increased complexity both of the
constraint equations and the gauge transformations (spacetime diffeomorphisms). Despite
this complexity, for solutions of the vacuum Einstein equations which admit 3+1 foliations
by constant mean curvature slices, in fact the Conformal Method does effectively isolate
the gravitational degrees of freedom: they can be identified with the choices of seed data
sets (Σ3 ; λ, σ, τ ), quotiented appropriately by conformal transformations and by spatial
diffeomorphisms10 . We note here that the time-monotonicity of the spatially-constant
mean curvature Kcc = τ in vacuum solutions of the Einstein equations admitting CMC
foliations is crucial in controlling the time part of the spacetime diffeomorphism gauge
transformations.
Our focus in this section has been on the use and the limitations of the Conformal
Method for constructing and parametrizing and studying solutions of the Einstein constraint equations. In closing this section, we briefly note an alternative mathematical
approach to constructing initial data sets which satisfy the constraints: Gluing. The
basic idea of gluing is that, starting with a pair of solutions of the constraints, one surgically connects the manifolds and then uses cutoff functions to define a single smooth
initial data set on the connected manifold. One does this in such a way that i) away from
the region of surgery/gluing, the data set is identical to one or the other of the original
given solutions (and therefore necessarily a solution of the constraints); and ii) in the
10

A more precise mathematical description of this quotienting is discussed (in terms of the Conformal
Thin Sandwich Formulation) by David Maxwell in [31].
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surgery/gluing region the data set is relatively close to a solution of the constraints. One
then globally deforms the data set so that it is a solution of the constraints everywhere,
and so that it is arbitrarily close to the original data away from the surgery/gluing region.
The gluing technique, which was introduced into the analysis of solutions of the constraints by Justin Corvino and Richard Schoen in one form [14, 15], and by Rafe Mazzeo,
Daniel Pollack, Piotr Chrusciel, and the author in another form [24, 13], has been very
successful in proving a number of important results in GR. These include the proof
that solutions of Einstein’s equations admitting no CMC slices [13] exist, as well as the
proof that there exists a wide class of solutions which are asymptotically identical to
Schwarzschild or Kerr solutions [15]. Gluing could also be very useful in constructing
initial data sets which model particular physical systems of interest.

3

Strong Cosmic Censorship

Two of the most important conjectures of mathematical general relativity are linked by
their nomenclature: The Weak Cosmic Censorship (WCC) conjecture and the Strong
Cosmic Censorship (SCC) conjecture. While both concern the behavior of the gravitational field in the neighborhood of a singularity in solutions of Einstein’s equations, these
conjectures in fact address very different issues, and it is important to note that there
is no logical implication from one to other: SCC does not imply WCC; nor does WCC
imply SCC.
Weak Cosmic Censorship concerns exclusively asymptotically flat spacetime solutions
of the Einstein equations—the sort of spacetimes used to model isolated astrophysical
systems like stars and black holes. In most of the familiar explicit asymptotically flat
solutions, including the Schwarzschild and the Kerr solutions, the singular regions (characterized by unbounded curvature and/or by causal geodesic incompleteness) are shielded
from the view of “observers-at-infinity”. In particular, in these spacetimes the singular
region is always contained inside a “black hole region”, which is characterized by the
property that no causal geodesic from inside the black hole region can pass outside of it
and intersect the region containing the observers-at-infinity.
The question addressed by WCC is whether it is true that this shielding of singular
regions inside black hole regions occurs in most–if not all–asymptotically flat solutions
of Einstein’s equations. Stated as a conjecture, a rough statement of WCC takes the
following form:
Conjecture 1 (Intuitive Version of Weak Cosmic Censorship) In generic asymptotically flat spacetime solutions of Einstein’s equations, singularities are contained within
black hole horizons.
It is well-known that there exist “white hole” solutions which contain singular regions
that are not contained in black holes. These solutions do not invalidate the WCC Conjecture, since Weak Cosmic Censorship concerns the behavior of generic asymptotically
flat spacetime solutions.11 The WCC Conjecture remains unresolved, and is a wide-open
11

12

A key first step in formulating a more precise statement of the WCC Conjecture–and attempting
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question very much deserving of further study. We do not pursue this question here,
however; rather, our focus here is on SCC.
The primary question addressed by Strong Cosmic Censorship is not the visibility of
singularities to observers off at infinity, but rather (in a sense) what causes the singularities. It is useful to frame the question from the perspective of the 3 + 1 dynamical formulation of general relativity. As noted above, for each set of initial data (Σ3 ; γ, K, ψ) which
satisfies the constraint equations (1)-(2), there is a unique maximal globally hyperbolic
spacetime (Σ3 × R; g) =: M(Σ3 ;γ,K,ψ) which satisfies the Einstein equations Gµν = 8πTµν
and which agrees with the initial data. The technical condition of global hyperbolicity12
guarantees that M(Σ3 ;γ,K,ψ) contains no closed causal paths. The condition of maximality implies that every other spacetime solution which is compatible with the given initial
data must be diffeomorphic to a (4-dimensional) subset of M(Σ3 ;γ,K,ψ) .
For some initial data sets, the maximal spacetime development M(Σ3 ;γ,K,ψ) extends
forever (in proper time) into the future and the past. This is true for spacetimes evolved
from Minkowski initial data, or from small perturbations of such data (as proven by
Christodoulou and Klainerman [11]. For the rest of the initial data sets, M(Σ3 ;γ,K,ψ) is
causal-geodesically incomplete; the evolution into the past or future (or both) is bounded,
at least along some observer paths. For FLRW as well as Kasner initial data sets, this
happens because the spacetime curvature blows up. By contrast, for Taub-NUT initial
data, this happens because of “lightcone tipping”. Notably, in the maximal globally
hyperbolic spacetime development of Taub-NUT initial–the Taub spacetime region–the
curvature is bounded everywhere. This allows the spacetime to be extended outside the
Taub region into the NUT region as a smooth solution of Einstein’s equations which is
not globally hyperbolic. Indeed, the NUT region contains closed causal paths. As well,
there are inequivalent NUT region extensions of the Taub spacetime region, so uniqueness
is lost.
For each of the three types of behavior for M(Σ3 ;γ,K,ψ) — i) causal-geodesic completeness, with infinite proper time into the future and into the past; ii) causal-geodesic
incompleteness with unbounded curvature and with no smooth spacetime extension outside of M(Σ3 ;γ,K,ψ) ; and iii) causal-geodesic incompleteness with bounded curvature and
with smooth spacetime extensions outside of M(Σ3 ;γ,K,ψ) — there are infinite-dimensional
families of initial data sets whose spacetime evolutions behave that way. The HawkingPenrose theorems suggest that, in some appropriate sense, causal-geodesic completeness
is non-generic. The issue then for SCC is which of the remaining two behaviors is more
prevalent. The conjecture13 is as follows:

to prove it–is to determine what “generic” means. One expects it to be some type of “open and dense
subset of the set of all asymptotically flat solutions”, with respect to some appropriate topology.
12
A spacetime is globally hyperbolic if there exists an everywhere spacelike 3-dimensional submanifold
3
Σ such that every inextendible causal (timelike or null) path intersects Σ3 once and only once. It follows
that the spacetime manifold must be Σ3 × R.
13
The first appearance of the ideas related to this conjecture appeared in the literature in [36] and [37]
in the late 1960s. While these references do not present a definitive statement of SCC, they do provide
an intuitive formulation, roughly as stated here.
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Conjecture 2 (Intuitive Version of Strong Cosmic Censorship) For a generic initial data set satisfying the Einstein constraints, the maximal globally hyperbolic spacetime
development M(Σ3 ;γ,K,ψ) of that data set (as a solution of Einstein’s equations) cannot be
extended outside of M(Σ3 ;γ,K,ψ) .
We note that if in fact M(Σ3 ;γ,K,ψ) does admit a smooth extension, the boundary of
M(Σ3 ;γ,K,ψ) across which the extension is made is called a Cauchy horizon.

Like the weak cosmic censorship conjecture, the SCC conjecture remains wide open
and unresolved. It is fair to say that there is at present no known comprehensive program
of analysis which is likely to resolve it. However, there has been a substantial amount
of work devoted to proving model versions of strong cosmic censorship. The idea is to
focus on certain families of spacetime solutions of Einstein’s equations, and attempt to
prove that a “model-SCC” theorem holds for such a family. This approach has been
successfully applied to families of spatially homogeneous solutions [38], and to the T 3 Gowdy spacetimes14 [12, 39].
One of the tools which has played a key role in proving these model-SCC theorems is
the determination that spacetimes contained in the family of interest generically exhibit
AVTD behavior. Roughly speaking, a spacetime metric g satisfying Einstein’s equations
shows AVTD behavior if, in regions very close to the spacetime singularity, g asymptotically approaches a metric ĝ which satisfies a system of VTD-Einstein equations, which are
the same as Einstein’s equations except that spatial derivative terms have been dropped.15
To illustrate some of these ideas, we consider the polarized Gowdy spacetimes (on
T ). For these spacetimes, coordinates may be chosen so that the metric takes the form
3

g=e

(τ +λ)
2

(−e−2τ dτ 2 + dθ2 ) + e−τ (eP dx2 + e−P dy 2 ).

(5)

Here τ ∈ R1 and (θ, x, y) are coordinates on the 3-torus, with the orbits of the T 2
isometry group corresponding to 2-surfaces of constant τ and constant θ. In terms of
these coordinates, the spacetime singularity occurs at τ → −∞. In terms of the metric
functions P and λ (which are functions of θ and τ only), the vacuum Einstein equations
are as follows
∂τ τ P = e−2τ ∂θθ P,
∂τ λ = (∂τ P )2 + e−2τ (∂θ P )2 ,
∂θ λ = 2∂τ P ∂θ P,

(6)
(7)
(8)

14

These spacetime solutions are characterized by the presence of a spatially-acting T 2 isometry group
whose Killing fields have vanishing twist [21].
15
As stated, the AVTD property clearly depends on the choice of coordinates. We label a spacetime as
exhibiting AVTD behavior if there exists a choice of coordinates in which the approach of g to ĝ occurs.
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while the corresponding VTD-vacuum Einstein equations16 take the following form:
∂τ τ P̃ = 0,

(9)
2

∂τ λ̃ = (∂τ P̃ ) ,

(10)

∂θ λ̃ = 2∂τ P̃ ∂θ P̃ .

(11)

One readily verifies that the initial value problems for both the Einstein equations (6)–(8)
and for the VTD-Einstein equations (9)–(11) for the polarized Gowdy spacetimes are wellposed. Using energy arguments, one can then prove that for each solution g of (6)–(8),
there is a corresponding solution ĝ of (9)–(11) such that limτ →∞ |g(τ ) − ĝ(τ )| = 0. Hence
we determine that all T 3 polarized Gowdy solutions exhibit AVTD behavior. Using this
fact, and letting Πpol denote the function space of initial data for the polarized Gowdy
Einstein equations17 , one can prove [12] the following:
Theorem 1 (Model-SCC Theorem for Polarized Gowdy Spacetimes) There exists an open dense subset (in C ∞ topology) Π̂pol of Πpol such that the maximal globally
hyperbolic spacetime development of any data set in Π̂pol is inextendible.
The Einstein equations for the full set of Gowdy (T 3 ) spacetimes is considerably more
complicated than the polarized-Gowdy equations. However, Ringstrom [39] has shown
that, indeed, AVTD behavior occurs generically in this wider class; as well, he proved a
model-SCC theorem for the general T 3 Gowdy family of spacetimes.
Based on this work, one might be encouraged to explore the presence of AVTD behavior in much larger families of solutions, if not in the general class of solutions of
Einstein’s equations. Indeed, it has been shown that AVTD behavior is found in vacuum
solutions with only one Killing field [26, 9], as well as in solutions of the Einstein-scalar
field equations with no Killing fields [3]. However, there is strong numerical evidence that
AVTD behavior is absent in most one-Killing-field18 and in most no-Killing field vacuum
solutions [20]. While some argue [20, 4] that instead of AVTD behavior, the more general solutions may have “mixmaster behavior,” 19 it is far from clear that this is the case.
Moreover, it is not at all clear that mixmaster behavior is useful for investigating whether
or not SCC holds. Very likely, new ideas are needed if one is to make progress in assessing
whether or not SCC holds for general vacuum solutions.
While AVTD behavior is not expected to be prevalent in general vacuum solutions,
there is evidence that it could be prevalent in general solutions of the Einstein equations
with either scalar fields or stiff fluids coupled in. The strongest recent result of this
16

To obtain the VTD equations, we drop the spatial derivatives in the first two equations but not
in the third, because there are time derivatives (dominating the spatial derivatives) in these first two
equations, but there are no time derivatives in the third equation.
17
Πpol consists of a pair of smooth functions on the circle, satisfying an integrability condition, along
with a constant.
18
AVTD behavior may be prevalent in polarized one-Killing-field solutions, but not in the more general
non-polarized solutions.
19
Mixmaster behavior is characterized by an infinite succession of apparent–AVTD epochs, each followed by a transitory “bounce” into a new apparent-AVTD epoch.
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sort is the work by Igor Rodnianski and Jared Speck [40, 41], which shows that AVTD
behavior is found in all spacetime solutions of the Einstein-scalar field solutions (or the
Einstein-stiff-fluid solutions) which are sufficiently close (in an appropriate topology) to
an FRLW solution on T 3 . Thus, at least in certain classes of non-vacuum spacetimes,
AVTD behavior could prove to be useful in proving a full version of SCC, and not merely
model-SCC theorems.
A very different approach to studying Strong Cosmic Censorship is rooted in Roger
Penrose’s original motivation for proposing this conjecture: his assessment of the “blueshift effect” on Cauchy horizons in black hole interiors. Both the Reissner–Nordstrom
(charged, spherically-symmetric) and the Kerr (uncharged, axially-symmetric) black hole
interior regions contain Cauchy horizons. If one could show that the existence of these
structures is stable under generic perturbations, then SCC would be refuted. However,
Penrose reasoned that any small perturbation of an astrophysical system evolving toward
a Reissner-Nordstrom or a Kerr spacetime would fall into the developing black hole, and
in doing so would become strongly blue-shifted (more energetic) and consequently would
become powerful enough to destroy the Cauchy horizon. According to this scenario, the
inevitable blue-shift effect would save SCC.
A number of early, somewhat heuristic, studies by Bill Hiscock, Werner Israel, Eric
Poisson, and Amos Ori of the blue-shift effect have indicated a somewhat surprising
scenario: that perturbations of Reissner-Nordstrom and Kerr black holes often contain
null hypersurfaces20 across which continuous extensions of the metric can be made into
a non-globally hyperbolic region, but continuous extensions of the curvature into such
a region cannot be made. Such null hypersurfaces (occurring on the boundary of the
maximal globally hyperbolic region) have been labeled “weak null singularities”21 . If in
fact one were to determine that generic perturbations do preserve the Reissner-Nordstrom
and the Kerr Cauchy horizons in the standard (C 2 -extension) sense, then one would
have disproven the SCC conjecture. If, rather, generic perturbations lead to weak null
singularities, then a very strong C 0 version of SCC would be disproven, but the more
standard C 2 version would remain viable.
Remarkably, a wide range of subsequent, more rigorous, studies seem to support the
weak null singularity scenario. Indeed, the recent work of Mihalis Dafermos and Jonathan
Luk [29] suggests that if one can prove the stability of the exterior structure of the Kerr
solutions, then the stability of the internal Cauchy horizon (in the weak null singularity
sense) would follow as a corollary. The issue of exterior Kerr stability is, however, far
from resolved; we discuss this in Part II of this survey.
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A null hypersurface in a 4-dimensional spacetime is a 3-dimensional embedded hypersurface for which
the metric induced on it by the spacetime is degenerate.
21
The name weak null singularities relates to the fact that the metric extensions are at best weak
solutions of the Einstein equations
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David Ritz Finkelstein
(1929–2016)

Theoretical physicist David Ritz Finkelstein, Professor Emeritus in the Georgia Tech
School of Physics, died at home on January 24, 2016. He was born in 1929, in New York
City. His parents came to US in 1914 from Sokolow, a small town in Poland. His father
was ordained as a rabbi, but preferred to make his living running his grocery store in
Brooklyn instead. David’s mother was the intellectual force in the family, who took the
boy with her to public lectures. She played chess on a professional level, and later on went
to Mexico City to play, where she stayed for the next 20 years. David went to Stuyvesant
High School in Manhattan, and worked as a page in NY Public Library, which gave him
access to the stacks where he spent much time reading. David and his future wife Helen
eloped while still in high school, and thus the summer of 1945 found him working as a
dishwasher at the bus-stop lunch counter in Woodstock, NY.
He had started out as an electrical engineering major at City College of New York, but
graduated in 1949 with honors in both physics and mathematics, including the CCNY
Physics Medal. According to David, Princeton had filled their quota for New York Jews
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for that year, so he went to MIT’s graduate school. His thesis topic was not what he
wanted to work on -he wanted to work on gravity- so he slept 15 hours a day. In 1953 he
received a physics PhD degree, for a thesis entitled “Non-linear meson theory of nuclear
forces” (advisor: Felix Villars). From 1953 to 1960 he worked at Stevens Institute of
Technology. He held the post of Young Men’s Philanthropic League Professor of Physics
at Yeshiva University from 1959 to 1976.
In Sidney Coleman’s words, David “was a brilliant scientist with a passion for long
shots. This meant that nine times out of ten he devoted his talents to ideas that do
not pay off, but, one time out of ten, they do pay off. When this happened, David’s
work was found to be of a great significance, extraordinary penetration, and ten years
ahead of everyone else’s, as was the case when topological conservation laws entered the
mainstream of quantum field theory.”
Only a year or two out of graduate school, David discovered a connection between spin
(the strange quantum motion exhibited by many particles) and the gravitational field a connection thoroughly topological in flavor. His discovery led him to the speculation
that all physical motion might be topological in origin, an intellectual vein that he would
mine for much of his career. This was truly prescient work, predating by a decade and
more the strong influence that topology would come to have in physics.
Then, only five years out of graduate school, David described his unidirectional membrane, which we now know as the event horizon enshrouding any black hole. What is
a black hole? It’s matter so dense that not even light can escape its gravitational pull.
For our sun to be a black hole it would have to be smaller than Georgia Tech’s campus,
whereas the earth would have to be smaller than a penny! By a very creative choice
of coordinates, David’s work showed that our understanding of physics remained sound
at the event horizon, despite what a less sophisticated reading of the equations would
suggest. Thus, he showed us precisely how light and matter could fall though the horizon
into the black hole, but could not return from it. The paper influenced Landau, Penrose
and eventually Wheeler. It had great impact, helping to move black holes (and general
relativity) from theoretical curiosities right into the mainstream of physics, triggering an
avalanche of research that will rumble through physics and astronomy for as long as they
are studied. But it took time. In the 1962 Warsaw Relativistic Theories of Gravitation
annual conference David reported on his Schwarzschild black hole work to an audience of
three, who turned out to be janitorial staff. In 1957, following a seminar he gave in London, David met Roger Penrose, then a graduate student from Cambridge. The seminar,
on extending Schwarzschild’s metric both into the past and into the future across null
horizons - a basic ingredient of the current understanding of black holes - had been a revelation to Penrose. After the seminar Penrose explained to Finkelstein his spin-networks,
and the two men exchanged their research subjects, forever after. Finkelstein’s extension
of the Schwarzschild metric provided Penrose with an opening into general relativity, the
subject which has animated his research ever since. Finkelstein picked up instead on the
combinatorial aspects of quantum spin as a possible route to delving more deeply into
the quantum nature of reality and took such ideas to greater lengths than anyone else.
Another colleague whose career was shaped by David Finkelstein’s insights is Lenny
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Susskind. In 1967 he told Susskind: “Forget perturbation theory. Black holes are the
key” He explained–this was before Bekenstein–that the information in a region of space
could not be as rich as the volume because most states would collapse to form a black
hole. In his own, deep way, David understood the holographic principle long before there
was a holographic principle.
While his “unidirectional membrane” is today considered his key contribution to
physics, for David that calculation was only an exercise, an illustration for his overarching program to bring topology into quantum physics. He was the first to discover
“kinks,” topological charges and topological spin-statistics theorems, with Misner (1959)
and Rubenstein (1962). Until the work of Finkelstein and Rubinstein on topology in
quantum field theory, quantum field theory meant Feynman diagrams. Topology was the
thread that led David to kinks and the unidirectional membrane in the 50’s and 60’s, as
well as to anyons in the 80’s, antecedents of anomalous quantum numbers in the fractional Hall effect and in high temperature superconductivity. He was arguably the first
to understand the role of quantum vacua, and his papers were among the earliest on
solitons in quantum theories, leading to instantons, Higgs particles, etc. It took quite a
few years for the rest of the world to catch up. The 1962-63 quaternionic quantum field
theory papers with Jauch, Schiminovich and Speiser were the first to formulate a unified
SU(2) gauge theory of massive vector bosons and light, introducing the “Higgs mechanism” before Higgs, and electroweak unification before Glashow, Salam and Weinberg.
Or, as David put it: “I’m afraid I’m another one of the infinite number of people who did
the Higgs field before Higgs.” However, by late 1960s the limitations of the quaternionic
formulation led him to shelve the whole quaternionic project.
Throughout all these years, from 1955 to 1971, David pursued a parallel career as a
plasma physicist, obtaining several patents. He is remembered as an exquisite experimentalist, but was personally most proud of his theory (with J. R. Powell) of ball lightning.
He built an apparatus in Yeshiva to demonstrate a particular plasma effect. A bank of
capacitors he had ordered came packaged but the leads were exposed and without opening it he charged it up. Unbeknownst to him, the switches were bolted down and when
he tried to discharge it –BANG–. It blew a large hole in the ceiling. He had been astute
enough to use a long pole and so he didn’t get blown up.
The summer of 1965 was one of the more turbulent in US history, and David took
his wife and three small daughters to Mississippi as an NSF-APS visiting scientist, to
be the acting head of Physics Department of Tougaloo College. At the time, Tougaloo
was the epicenter of the civil rights movement. Medgar Evers was assassinated there on
June 12, 1963, faculty homes were firebombed, and by June, 1964, Tougaloo was the base
for the Freedom Summer and events that changed the US forever. David helped found
the Public Radio Organization, whose aim was to provide central Mississippi Blacks with
unbiased news reporting and a community forum.
The original Yeshiva University Physics Department was a collaborative beehive,
housing a group of young physicists in an open space above a garage. There David would
sit on the floor surrounded by acolytes. Each year they organized a “Reckless Ideas in
Physics” conference, where speakers who presented conventional ideas were booed. At
22
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the 1972 conference Peter Carruthers presented a theory about the quark vacuum –called
Quarkium– a bizarre quantum liquid. Using that theory he tried to explain ESP. Then
Claude Lovelace presented a theory about how to calculate black hole-black hole scattering using the early string theory ideas - the Veneziano model. Lovelace was considered a
sure winner, but then Finkelstein presented his theory of the Space-Time Code. Hands
down this was the most outrageous idea of them all and he won the year’s “Velikovsky
Prize.”
Once the Yeshiva physics building was completed, the faculty diffused over different
stories, and that youthful magic was lost. In 1976 David Finkelstein became the chairman
of Belfer School of Yeshiva University Physics Department, and in 1978 its Dean of
Natural Sciences and Mathematics. On the basis of this administrative experience, he
was appointed Director of the School of Physics at the Georgia Institute of Technology.
Nobody understood his job-interview colloquium, but all were impressed, and even more
by recommendation letters the likes of which Georgia Tech had never seen. No letter
mentioned the fact that his administrative jobs at Yeshiva were ceremonial, to finalize
the closing of the already shuttered Graduate Sciences Program. In January, 1979, David
Finkelstein moved to Atlanta, and started out as a Director, with the goal of raising the
Georgia Tech School of Physics to the level of its MIT sister department. In retrospect,
a glance at the yearbook makes it clear that trouble was afoot - a New York wildhaired flower child among the suits. The first thing he did upon arrival was to inform
the departmental secretary (in those halcyon days the department was run by a single
secretary) that he was going to Majorca. So for a month the Director could not be
reached. But when, by the midyear, he had failed to submit a budget, he was deposed by
senior faculty, and replaced by an acting director. David went into funk for two weeks,
and emerged a changed man, having recognized that by his failure as administrator he
had achieved his dream.
David was 50 and divorced. The messy, gregarious New York life was behind him, and
he now lived in woods in a beautiful house above a creek, a citizen of the luminous, gentle
South. He entered a happy marriage with Shlomit Finkelstein. He started his second life,
dedicated to single-handedly formulating a universal physical theory consistent with both
quantum theory and gravity theory.
In his own words, much of David’s life work was shaped by a bright hope formed one
afternoon in 1946 in the City College library, where, as a sophomore, he first encountered
Von Neumann’s analysis of quantum theory. Already in high school he had studied nonAristotelian logic, but now, in a nutshell, he came the realization that while classical logic
was commutative, quantum physics was not, hence before a correct quantum space-time
theory could be formulated, the foundations of mathematics and logic itself had to be
replaced by quantum logic. Feynman told him that he thought the problem too hard.
His emphasis on the discrete nature of information predated Wheeler’s “It from Bit”
philosophy. Even Penrose and Finkelstein never quite saw eye to eye on this seemingly
overriding role of the quantum formalism. The physics community at large did not follow,
so he published the papers in the International Journal of Theoretical Physics, of which
he was the Chief Editor 1977-2005. (There was always a crate chockful of submissions in
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the departmental mailroom - they would stew there for a long, long time.) Otherwise he
kept his papers on www.researchgate.net and would upload them only to arXiv, where
no unfriendly referees would bug him.
His thoughts on the quantum nature of spacetime (“quantum set theory”) up to
1996 are described in his Quantum Relativity: A Synthesis of the Ideas of Einstein and
Heisenberg. He continued this work until a few days before his death. The few reviews
that were published were not kind. A review: “The language of physics is not suited for
speaking about quantum logic, so Finkelstein invents a new one. Obviously, it is not easy
to read a difficult text which, in addition, is written in a language we do not know.”
Since moving to Atlanta David had became something of a global guru (cf., The Dancing Li-Wu masters; serving as the Dalai Lama’s physicist at the Mind & Life Conference
in Dharamsala in 1997 and as physics teacher to the Buddhist monks for years thereafter). He had also became a local guru, giving talks to Atlanta school children and adult
lay groups about GR and spacetime relativity, with titles like “Effing the Ineffable (what
quantum theory leaves out)” and “Harry Potter and the Lively Quantum,” in a soft,
barely audible voice and a manner of great brilliance. Card-carrying physicists would
hear one of these talks and never come back. The lay admirers could not get enough of
them.
He was charismatic and involved a number of dedicated students in his efforts to
quantize geometry. If he did not show up at work, his students would go to his house,
where he met them in his bathrobe. He was blissfully useless for any faculty task. In
David’s own words: “My committee services within Georgia Tech have not been onerous;
I do not look this gift horse in the mouth, but serve as requested by the School of Physics.”
He taught whatever he wanted to teach, so he had to be deposed for the second time,
this time by an uprising of undergraduates who found themselves taught quantum logic
instead of the introduction to quantum mechanics that they had signed up for. He and
the rest of the faculty inhabited parallel universes. A 2013 email, inviting a colleague to
lunch, gives a flavor of communicating with David across different astral planes: “The
old acquaintances are still categorical, two levels of abstraction above quanta. Categories
have enough identities; quantum algebras have just 1; and 1 is never enough. I am
currently fixated on the magic number 16, the number of fund. fermions, sedonions, and
triality spinor space. Lunch? I promise not to tell you about it.” But he always offered
–by many a mile– absolutely the best espresso in his office.
In 2003 David noticed in a lecture that between glancing at a formula in his notes, and
writing it on the blackboard, he had forgotten it. So he went to the Chair, and arranged
for his retirement. Soon enough he found out that it was statins that were making him
stupid - once he went off statins, his sharp intellect came back. In retrospect, he found
this misinformed decision was one of the best of his life - now he could devote himself
fully to his research.
In 2005 he discovered a deep message in Albrecht Dürer’s Melencolia (MELENCOLIA
I: The physics of Albrecht Duerer, arXiv:physics/0602185). There he wrote: “When I
began my own research I took it for granted that it had three stages: I would first find a
theory in which I could at least potentially believe, then compute its consequences, test
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it against experimental data, and return to stage 1 for an improved version. After about
forty years I could not help noticing that I was still in the first stage.”
A few days before his death from idiopathic pulmonary fibrosis he had his laptop in his
bed, and was still working. David was a man who truly loved life. He is survived by his
wife Shlomit Ritz Finkelstein, his children Daniel Finkelstein, Beth Bosworth, Eve Finkelstein, and Aria Ritz Finkelstein, his five grandchildren and two great-granddaughters.

Predrag Cvitanović

Editorial Note: This is an expanded version of an obituary that appeared in
Physics Today, February, 2017, printed with permission.
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Master in Mathematical Physics at Tübingen

Master in Mathematical Physics at Tübingen
Starting from October 2017 and yearly afterwards, the Mathematics Department and the
Physics Department at the University of Tübingen are jointly offering an international
two-year master’s program in Mathematical Physics. This program was supported by
the state of Baden-Württemberg with a newly created full professorship in Mathematical
Physics.
In the Tübingen master’s program in Mathematical Physics, students will learn advanced mathematical concepts and fundamental physical theories in a specific interdisciplinary study program. The mandatory core modules of the program are
• Geometry in Physics,
• Mathematical Quantum Theory,
• Mathematical Relativity, and
• Mathematical Statistical Physics.
Beyond the core modules, students are basically free to specialize in any of the many areas
of Mathematical Physics, Mathematics or Theoretical Physics offered in Tübingen, for
example mathematical general relativity, many-body quantum systems, topological and
geometric transport, geometric flows, particle and astro-particle physics, and foundations
of quantum mechanics.
Moreover, every student will be assigned to a mentor from the group of professors
involved in the master’s program. The mentor provides help and guidance with course
selection and other academic questions.
The closing date for applications is 15 July.
For detailed information please visit http://www.math.uni-tuebingen.de/mmp.
Carla Cederbaum and Stefan Teufel (University of Tübingen)
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Call for Nominations for the 2018 Henri Poincaré Prize
The Henri Poincaré Prize, sponsored by the Daniel Iagolnitzer Foundation was created in
1997 to recognize outstanding contributions in mathematical physics, and contributions
which lay the groundwork for novel developments in this broad field. The prize was also
created to recognize and support young people of exceptional promise who have already
made outstanding contributions to the field of mathematical physics. The prize is awarded
every three years at the International Congress of Mathematical Physics (ICMP), and in
each case is awarded usually to three individuals.
The prize winners are chosen by the Executive Committee of the IAMP upon recommendations given by a special Prize Committee. The Executive Committee has made
every effort to appoint to the Prize Committee prominent members of our community
that are representative of the various fields it contains. However, to be able to do its job
properly the Prize Committee needs input from the members of IAMP. For this purpose
the Executive Committee calls IAMP members to provide nominations for the Henri
Poincaré Prize to be awarded at ICMP 2018 in Montreal, Canada.
A proper nomination should include the following:
• A description of the scientific work of the nominee emphasizing the key contributions
• A recent C.V. of the nominee
• A proposed citation should the nominee be selected for an award
Please keep the length of your nomination within a page and submit it to the President
(president@iamp.org) or the Secretary (secretary@iamp.org).
A list of previous winners can be found at: http://www.iamp.org.
To ensure full consideration please submit your nominations by September 30, 2017.
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Calls for Nominations: the 2018 IAMP ECA and IUPAP YSA

Call for Nominations for the 2018 IAMP Early Career Award
The IAMP Executive Committee calls for nominations for the 2018 IAMP Early Career
Award. The prize was instituted in 2008 and will be awarded for the fourth time at the
ICMP in Montreal, Canada in July, 2018.
The Early Career Award is given in recognition of a single achievement in mathematical
physics. The total prize value amounts to 3000 Euro and is reserved for scientists whose
age in years since birth on July 31 of the year of the Congress is less than 35.
The nomination should include the name of the candidate accompanied by a brief characterization of the work singled out for the prize. Members of the IAMP should send their
nomination or nominations to the President (president@iamp.org) and to the Secretary
(secretary@iamp.org). A list of previous winners and the details of the award selection
process can be found at .
Nominations should be made not later than on January 31, 2018.

Call for Nominations for the IUPAP Young Scientist Award
in Mathematical Physics 2018
The IUPAP Mathematical Physics C18 prize (http://www.iupap.org) recognizes exceptional achievements in mathematical physics by scientists at relatively early stages of
their careers. It is awarded triennially to at most three young scientists satisfying the
following criteria:
• The recipients of the awards in a given year should have a maximum of 8 years of
research experience (excluding career interruptions) following their PhD on January
1 of that year, in the present case 2018.
• The recipients should have performed original work of outstanding scientific quality
in mathematical physics.
• Preference may be given to young mathematical physicists from developing countries.
The awards will be presented at the ICMP in July 2018 in Montreal.
Please submit your nomination to Manfred Salmhofer (salmhofer@uni-heidelberg.de),
Rainer Dick (rainer.dick@usask.ca) and Patrick Dorey (p.e.dorey@durham.ac.uk) as officers of the IUPAP C18 Commission for Mathematical Physics.
The deadline for nominations is August 31, 2017.
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News from the IAMP Executive Committee
New individual members
IAMP welcomes the following new members
1. Dr. Hamzavi Majid, University of Texas at El Paso, USA
2. Dr. Davide Fermi, University of Milan, Italy
3. Prof. Shadi Tahvildar-Zadeh, Rutgers University, USA
4. Dr. Houssam Abdul-Rahman, University of Arizona, Tucson, USA
5. Prof. Dmitry Jakobson, McGill University, Montreal, Canada
6. Prof. Sasha Sodin, Queen Mary, University of London, UK
7. Mr. Andrea Pizzoferrato, University of Warwick, UK.

Recent conference announcements
Aspects 17: Asymptotic analysis and spectral theory
Sept. 25-29, 2017. Trier, Germany.
This conference is partially supported by IAMP.
Organized by O. Post, R. Rückriemen, K. Pankrashkin.
https://aspect17.blogspot.ch/
Quantissima in the Serenissima II
August 21-25, 2017. Venice, Italy.
This conference is partially supported by IAMP.
Organized by D. Jakobson, V. Jaksic, F. Koukiou, A. Shirikyan, D. Ueltschi.
http://www.mathphys.org/Venice17/
Bilbao summer school “Probabilistic approaches in mathematical physics”
June 17-22, 2017. BCAM, Bilbao, Spain.
Organized by S. Adams, J-B. Bru, W. de Siqueira Pedra.
http://www.bcamath.org/es/workshops/sspamp
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Summer school on current topics in mathematical physics
July 17-21, 2017. University of Zurich, Switzerland.
Organized by G.M. Graf, C. Hainzl, B. Schlein.
http://www.math.uzh.ch/index.php?konferenzdetails0&key1=491
Mathematical physics: from field theory to non-equilibrium.
June 19-21, 2017. Nice, France. Dedicated to K. Gawedzki’s 70-th birthday.
This conference is partially supported by IAMP.
Organized by E. Aurell, D. Bernard, C. Bernardin, R. Chetrite, A. Kupiainen.
Mathematical aspects of physics with non-self-adjoint operators
June 5-9, 2017. CIRM, Marseille.
This conference is partially supported by IAMP.
Organized by D. Krejcirik, P. Siegl.
http://mxn.ujf.cas.cz/ nsaatcirm/
7-th summer workshop-school in analysis and mathematical physics
May 29-June 2, 2017. Cuernavaca and Mexico City.
Organized by R. R. del Rio Castillo and C. Villegas Blas.
http://www.matcuer.unam.mx/VeranoAnalisis/
Mathematical and physical aspects of topologically protected states
May 1-3, 2017. Columbia University, New York, USA.
Organized by S. Jin, J. Lu, M. I. Weinstein
http://www.ki-net.umd.edu/content/conf?event id=727

Open positions
An updated list of academic job announcements in mathematical physics and related
fields is available at
http://www.iamp.org/page.php?page=page_positions
Benjamin Schlein (IAMP Secretary)
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